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Abstract

The effect of pre-buckling nonlinearity on the bifurcation point of a conical shell is examined on the basis of three
shell theories: Donnell�s, Sanders� and Timoshenko�s. The eigenvalue problem is solved iteratively about the nonlinear
equilibrium state up to the bifurcation point. A new algorithm is presented for the real buckling behavior, dispensing
with the need to cover the entire nonlinear pattern. This algorithm is very important for structures characterized by a
softening process, in which the pre-buckling nonlinearity depresses the buckling level relative to the classical one.

The procedure involves nonlinear partial differential equations, which are separated into two sets (using the pertur-
bation technique) for the pre-buckling and buckling states, respectively and solved with the variable expanded in
Fourier series in the circumferential direction, and by finite differences in the axial direction. A general computer code
was developed and used in studying the effect of the pre-buckling nonlinearity on the buckling level, of the shell under
axial compression, in the context of the three shell theories.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Loss of stability by buckling in shell-like structures is one of the most important and crucial failure phe-
nomena. Treatment of the buckling process as a linear one in this context has been questioned due to the
discrepancies observed between theoretical predictions and experimental results. The first reason for these
discrepancies is the fact that the structures in question are subjected to considerable nonlinear pre-buckling
deformation; consequently, the linear approach is unsuitable for predicting their stability. The second is the
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fact that the load capacity of such structures is strongly affected by the initial imperfection pattern. Accord-
ingly, two main approaches are available for our purpose: (I) consideration of the sensitivity to imperfec-
tion, see e.g., Goldfeld et al. (2003); (II) determination of the real buckling load while dispensing with the
need to cover the entire nonlinear equilibrium path.

The present paper is concerned with the second approach. For this purpose the conical shell is chosen as
a representative structure for the entire range of degree of nonlinearity. Namely, cylindrical shell (conical
with vertex half-angle (a = 0�)) characterized by high nonlinearity, and annular plate (a = 90�) character-
ized by very low nonlinearity. By varying the cone vertex half-angle (a) conclusions can be drawn for the
entire range of nonlinearity level.

While the linear stability (with the nonlinear pre-buckling deformation disregarded) of cylindrical and
conical shells was extensively studied, its nonlinear counterpart has so far, to the best of the authors� knowl-
edge, attracted less interest. Seide (1956) was the first to derive the critical buckling load for an axisymmet-
ric mode in a conical shell. Singer (1965) also used the asymmetric buckling mode and obtained the same
buckling load as Seide. The effect of the four possible in-plane boundary conditions on the buckling behav-
ior of a conical shell under axial compression was studied by Singer (1962) and by Baruch et al. (1970).
Pariatmono and Chryssanthopoulos (1995) and Spagnoli (2003) showed that at a certain aspect ratio of
a conical shell, different buckling modes correspond to the same value of critical buckling. Tong (1994) sug-
gested a simple formula for the critical buckling loads of laminated conical shells, based on Seide�s (1956)
and assuming constant stiffness. Recently, Goldfeld and Arbocz (2004) studied the influence of variation of
the stiffness coefficients on the buckling behavior of laminated conical shells.

So far most of the relevant studies have been limited to the simplified theoretical treatment assuming
membrane-like or linear pre-buckling. There are, however, a few studies where the influence of the pre-
buckling state is taken into account. Brush (1980) considered the effect of pre-buckling rotation in a cylin-
drical shell and improved accordingly the buckling load obtained without it. Famili (1965) studied the
asymmetric behavior of truncated and complete conical shells under uniform hydrostatic pressure, also tak-
ing into account the large deformation in the pre-buckling state. Zhang (1993) studied, in the same manner,
the buckling and initial post-buckling behavior, with considering the nonlinear pre-buckling behavior,
under axial compression and hydrostatic pressure. The limitation in Famili�s and Zhang�s works is the
assumption of an axisymmetric pre-buckling solution and recourse to WF formulation (where W is the nor-
mal displacement and F is the Airy stress function), which may yield inaccurate results as was shown later in
Sheinman and Goldfeld (2001). For general structures, using the finite-element technique, Brendel and
Ramm (1980) devised an improved scheme for prediction of the critical load, with additional linear buck-
ling analyses carried out at a number of intermediate load levels preceding instability. Chang and Chen
(1986) proposed a scheme for prediction the real buckling load based on combination of the linear and non-
linear analyses, and with disregarding the stiffness terms which are quadratically dependent on the general-
ized displacement.

While extensive literature is devoted to processes characterized by a limit point, very few works cover the
entire nonlinearity range. From the analytical point of view, two approaches are used in investigating the
effect of pre-buckling nonlinearity: (I) the full nonlinear analysis which yields an exact prediction of the
nonlinear bifurcation point by finding the intersection of two (or more) equilibrium paths; this approach
entails a heavy computational effort; (II) the eigenvalue approach, focusing on the nonlinear equilibrium
state. The eigenvalue problem is solved iteratively until the eigenvalue for the current load equals unity,
thus yielding the stiffness and geometric matrices right at the bifurcation point; this approach is substan-
tially more effective and computationally cheaper.

The primary objective of the present paper is a new algorithm for the real buckling load dispensing with
the need to cover the entire nonlinear behavior. Due to the significant differences between the various shell
theories as regard the classical buckling load (Sheinman and Goldfeld, 2001), the sensitivity to imperfection
(Sheinman and Goldfeld, 2003) and the nonlinear behavior till the limit point (Simitses et al., 1985),
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depending on the cone aspect ratio—the suggested algorithm is examined for three theories: approxima-
tional (Donnell�s, 1933), accurate (Sanders� , 1963) and more accurate (Timoshenko and Gere�s, 1961).

The nonlinear equilibrium differential equations are derived for axial compression, torsion and hydro-
static pressure—with the aid of the variational principle based on the kinematic relations of the theories.
The perturbation technique is used to separate the nonlinear equations into nonlinear pre-buckling and lin-
ear buckling sets. These two sets are solved through expansion of the unknown functions (u, v and w) in
Fourier series in the circumferential direction and by finite differences in the axial direction. The Galerkin
procedure is then applied for minimizing the error due to truncation of the Fourier series. A general com-
puter code was developed and used in the parametric study.

The parametric study of the shells under axial compression reveals that the nonlinear pre-buckling defor-
mations have a significant effect on the real buckling state.
2. Mathematical formulation

2.1. Kinematics

The analytical model is based on the Kirchhoff–Love hypothesis, whereby the strains at any material
point (x,h,z) (x being the coordinate in the meridional direction, h the circumferential angle and z the out-
ward normal, Fig. 1), reads
feðx; h; zÞg ¼ f�eðx; hÞg þ zfjðx; hÞg; ð1Þ

where f�eg and {j} are the nonlinear membrane tensor and the change of curvature tensor of the reference
surface, respectively. Let u, v and w (functions of x and h) be the components of the displacements of the
shell surface in the x, h and z directions, respectively. Under the Donnell, Sanders and Timoshenko kine-
matic approaches, the strain–displacement relations read
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Fig. 1. Geometry and sign convention for coordinates and displacements.



M. Jabareen, I. Sheinman / International Journal of Solids and Structures 43 (2006) 2146–2159 2149
where (Æ),x and (Æ),h denote the derivatives with respect to the axial and circumferential coordinate, respec-
tively, exx, ehh and exh are the linear membrane strains; /x, /h are the rotations about the axes of the middle
surface, / is the rotation about the normal to the surface, and a is the cone vertex half-angle:
exx ¼ u;x;

ehh ¼
v;h
rðxÞ þ

cosðaÞ
rðxÞ wþ sinðaÞ

rðxÞ u;

exh ¼
u;h

2rðxÞ þ
v;x
2
� sinðaÞ

2rðxÞ v;

/ ¼ u;h
2rðxÞ �

v;x
2
� sinðaÞ

2rðxÞ v;

/x ¼ �w;x;

/h ¼
�w;h þ d1 cosðaÞv

rðxÞ ;

rðxÞ ¼ R1 þ x sinðaÞ;

ð3Þ
R1 is defined in Fig. 1.
The parameters d1 and d2 are introduced as follows:

d1 = d2 = 0 for Donnell�s theory;
d1 = 1, d2 = 0 for Sanders� theory;
d1 = d2 = 1 for Timoshenko�s theory.

2.2. Constitutive relations

For an isotropic conical shell, the constitutive relations read
fNg
fMg

� �
¼

½A� ½0�
½0� ½D�

� � f�eg
fjg

� �
; ð4Þ
{N} = {Nxx,Nhh,Nxh}
T and {M} = {Mxx,Mhh,Mxh}

T being the resultant membrane forces and bending
moments. The elastic matrices are given by
½A� ¼ Eh
1� m2

1 m 0

m 1 0

0 0
1� m
2

2
64

3
75;

½D� ¼ Eh3

12ð1� m2Þ

1 m 0

m 1 0

0 0 1� m

2
4

3
5;

ð5Þ
where E, m and h are the modulus of elasticity, Poisson�s ratio and shell�s thickness, respectively.

2.3. Equilibrium equations

The equilibrium equations and the appropriate boundary conditions are derived from the stationary of
total potential energy:
dp ¼
Z
A
½Nxxd�exx þ N hhd�ehh þ Nxhd�cxh þMxxdjxx þMhhdjhh þ 2Mxhdjxh � qudu� qvdv� qwdw�dA ¼ 0;

ð6Þ
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where qu, qv and qw are the external distributed loading in the axial, circumferential and normal directions,
respectively. With Eqs. (2) substituted in Eq. (6), application of Gauss�s theorem yields the following non-
linear equilibrium equations:
Nxx;x þ
Nxh;h

rðxÞ þ sinðaÞ
rðxÞ ½Nxx � N hh� þ qu ¼ 0;

N hh;h
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rðxÞ þMxh;x þ 2
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� �
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ð7Þ
with the following appropriate boundary conditions:
Nxx or u;

Nxh þ d1
cosðaÞ
rðxÞ Mxh þ d2Nxxðexh � /Þ or v;

Mxx;x þ
2Mxh;h

rðxÞ þ sinðaÞ
rðxÞ ½Mxx �Mhh� � Nxx/x � Nxh/h or w;

Mxx or w;x:

ð8Þ
Using the kinematic and constitutive relations (Eqs. (2) and (4)), the equilibrium equations and the
appropriate boundary conditions (Eqs. (7) and (8)) can be written in terms of the displacement components
as
/pðu; v;wÞ ¼ 0; p ¼ 1; 2; 3; ð9Þ
/p can be written in terms of differential operators:
L1
pðuÞ þ L2

pðvÞ þ L3
pðwÞ þ L4

pðu; vÞ þ L5
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p ðw;w;wÞ þ qp ¼ 0; p ¼ 1; 2; 3; ð10Þ
where Le
pðQÞ; Le

pðQ; SÞ, and Le
pðQ; S; T Þ are the linear, quadratic and cubic differential operators (Sheinman

and Goldfeld, 2001):
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Rp;e
ij ;R

p;e
ijk‘, and R

p;e
ijk‘mn are coefficients of the elastic parameters (Aij and Dij), the radius r(x) and the param-

eters d1 and d2. The boundary conditions (Eqs. (8)), are written in a similar way. This form of differential
operators is especially suitable for symbolic programming.
3. Solution procedure

The pre-buckling and buckling equations are obtained by using the perturbation technique:
u

v

w

8><
>:

9>=
>; ¼

uð0Þ

vð0Þ

wð0Þ

8><
>:

9>=
>;þ n

uð1Þ
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8><
>:

9>=
>;þ � � � ð12Þ
The superscript (0) and (1) refer to the pre-buckling and buckling states, respectively. Substitution of Eq.
(12) in Eq. (9) yields
/0
pðuð0Þ; vð0Þ;wð0ÞÞ þ n/1

pðuð0Þ; vð0Þ;wð0Þ; uð1Þ; vð1Þ;wð1ÞÞ þ � � � ¼ 0; p ¼ 1; 2; 3; ð13Þ
where the first expression refers to the pre-buckling equations, given by
/0
pðuð0Þ; vð0Þ;wð0ÞÞ ¼ L1

pðuð0ÞÞ þ L2
pðvð0ÞÞ þ L3

pðwð0ÞÞ þ L4
pðuð0Þ; vð0ÞÞ þ L5

pðuð0Þ;wð0ÞÞ þ L6
pðvð0Þ; vð0ÞÞ
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pðvð0Þ;wð0ÞÞ þ L8

pðwð0Þ;wð0ÞÞ þ L9
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p ðwð0Þ;wð0Þ;wð0ÞÞ þ qp ¼ 0; p ¼ 1; 2; 3 ð14Þ
and the second expression refers to the buckling equations, given by
/1
pðuð0Þ; vð0Þ;wð0Þ; uð1Þ; vð1Þ;wð1ÞÞ
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pðwð1ÞÞ þ L4
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p ðvð0Þ; vð0Þ;wð1ÞÞ þ L11

p ðvð1Þ;wð0Þ;wð0ÞÞ þ L11
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p ðwð0Þ;wð0Þ;wð1ÞÞ ¼ 0; p ¼ 1; 2; 3. ð15Þ
The two sets are partial differential equations, and reduce to one of ordinary differential equations by
separation of the variables into truncated Fourier series as
uð0Þðx; hÞ
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where N (= Nu or Nv or Nw), is the number of terms in the relevant series. The external loads qu, qv and qw
are also expanded as
quðx; hÞ

qvðx; hÞ

qwðx; hÞ

8>><
>>:

9>>=
>>;

¼
X2Nq

m¼0

qumðxÞ

qvmðxÞ

qwmðxÞ

8>><
>>:

9>>=
>>;
gmðhÞ. ð17Þ
The functions gm(h) are
gmðhÞ ¼
cosðnmhÞ m ¼ 0; 1; . . . ;N ;

sinðnðm� NÞhÞ m ¼ N þ 1; . . . ; 2N ;

�
ð18Þ
n denoting the characteristic circumferential wave number. Recourse to a characteristic wave number
makes it possible, in some cases, to substantially reduce the number of terms in the Fourier series
(Narasimhan and Hoff, 1971). For general cases, in which all terms are significant, it is necessary to let
n = 1 and N sufficiently large for accurate representation of u, v and w.

Minimizing the errors in the governing equations due to the truncation of the Fourier series by applying
the Galerkin procedure with cos(Æ) and sin(Æ) as weighting functions, we obtain the following nonlinear and
linear ordinary differential equations for the nonlinear pre-buckling and the linear buckling states,
respectively:
Uq
r ðzð0Þ; xÞ ¼

I
/ð0Þ

r ðuð0Þðx; hÞ; vð0Þðx; hÞ;wð0Þðx; hÞÞgqðhÞdh; q ¼ 0; 1; . . . ; 2N ; r ¼ 1; 2; 3;

Wq
r ðzð1Þ; xÞ ¼

I
/ð1Þ

r ðuð0Þðx; hÞ; vð0Þðx; hÞ;wð0Þðx; hÞ; uð1Þðx; hÞ; vð1Þðx; hÞ;wð1Þðx; hÞÞgqðhÞdh;

q ¼ 0; 1; . . . ; 2N ; r ¼ 1; 2; 3;

ð19Þ
where z(0) or z(1) is unknown vector function, defined by
z ¼ fu0; . . . ; u2Nu ; v0; . . . ; v2Nv ;w0; . . . ;w2Nw ; n0; . . . ; n2Nw
gT. ð20Þ
The new function n is defined as n = w,xx. Finally, using the finite-difference scheme, Eqs. (19) yield
½Kð0Þð�zð0Þ; P Þ��zð0Þ ¼ 0;

½Kð1Þ þ kGð1Þð�zð0ÞÞ þ k2G
ð1Þð�zð0ÞÞ��zð1Þ ¼ 0;

ð21Þ
where �z are the values of the unknowns vector function (z) in the finite-difference scheme, K(0) is the pre-
buckling stiffness matrix consisting of nonlinear algebraic operators, K(1) is the linear stiffness matrix. G(1)

and G
ð1Þ

are the geometric matrices of the buckling state, functions of the linear and nonlinear state ð�zð0ÞÞ,
respectively. P is the load level at which the eigenproblem is treated, and k is the eigenvalue parameter. The
buckling load is then kP.

Obtaining the nonlinear bifurcation point ðkP ;�zð1ÞÞ is an iterative procedure. The initial load level P = 1
is assigned, then the nonlinear pre-buckling state, �zð0Þ, is obtained using the nonlinear equation (21a).
Substituting �zð0Þ in Eq. (21b), we obtain the eigenvalue (k) and the eigenvector ð�zð1ÞÞ. The process is repeated
for different load levels, calculating by the following Eq. (22), until k converges to 1, when the buckling
occurs. A new algorithm is suggested for the iterative process:
P i ¼ P i�1 1þ k� 1

b

� �
; ð22Þ
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where i denotes the iteration number and b is the convergence factor. Note that this iteration process con-
verges for any b > 1.
4. Results and discussion

A general-purpose computer code NBCS (Nonlinear Buckling of Conical Shells), written for the out-
lined procedure. The object of the study is an isotropic conical shell under axial compression with data
as follows: modulus of elasticity E = 1.4040 · 1011 N/m2, Poisson�s ratio m = 0.2, radius at x = 0 is
R1 = 1.27 m, and thickness h = 0.0127 m (R1/h = 100). The problem to be solved is the effect of the non-
linear pre-buckling deformations on the bifurcation state as a function of the cone vertex half-angle, (a).

The first example concerns a cylindrical shell (a = 0) with the following clamped–clamped boundary con-
ditions: CC1 ðNxx ¼ �Nxx;Nxh ¼ 0;w ¼ w;x ¼ 0Þ at x = 0 and CC4 (u = v = w = w,x = 0) at x = L
( = 2.54 m).

The entire nonlinear behavior was obtained for the cylindrical shell and Donnell�s shell theory by the
code of Sheinman and Jabareen (2005). The nonlinear behavior of the axial compression vs. the average
end shortening, eav ¼ �

R
Au;x dA=ð2pR1LÞ is shown in Fig. 2. The dashed and solid lines are the equilibrium

paths obtained with large and small arc-length parameters, respectively, and their intersection is the non-
linear bifurcation point. The present NBCS code for linear and nonlinear pre-buckling (using Donnell�s
shell theory) yields buckling at Nxx ¼ 10; 525 kN=m (namely, Nxx;cl) and Nxx ¼ 9767 kN=m (namely,
Nxx;bif ), respectively; the second result coinciding with bifurcation point obtained by the entire nonlinear
behavior (given by the intersection of the equilibrium paths). The reason for its being lower than the first
is the decrease of the stiffness near the bifurcation point, as shown in Fig. 3.

The effect of the nonlinear pre-buckling state is more pronounced in the buckling mode. The buckling
mode for linear pre-buckling (LPB) and nonlinear pre-buckling (NPB) is shown in Fig. 4(a) and (b), respec-
tively, and the mode along the axial coordinate for h = 0 in Fig. 5. It is seen that the nonlinear effect pro-
duces for a significant wave amplitude close to the load edge for u and w displacements, while that the
torsion effect (see v displacement) is significantly reduced.

Convergence of the iterative procedure for k in Eq. (21), which depends on the parameter b, is shown in
Fig. 6. Nxx is the applied axial force (the load level Pi�1 in Eq. (21a)), and N

�
xx is the axial load obtained by
Fig. 2. Applied axial load vs. average end shortening—primary and secondary equilibrium paths.



Fig. 4. Cylindrical buckling modes for linear and nonlinear pre-buckling states: (a) LPB and (b) NPB.

Fig. 3. Applied axial load vs. arc-length parameter.
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Eq. (22), (�Pi). It is observed that for small values of b a small number of iterations is needed to obtain
k = 1 and that the calculated points are located on the same smooth curve, obtained by large value of b.
Hence, the only condition for b is to be greater than unity.

The accuracy of Donnell�s theory was checked by comparison with an accurate theory—Sanders�, and a
more accurate one—Timoshenko�s. The results, summarized in Table 1, show that Donnell�s theory can be
used with very good agreement, especially for short cylindrical shells. Furthermore, it is found that for both
LPB and NBP, the more accurate theory yields a lower buckling load.



Fig. 5. Buckling mode for L/R = 2.0, axial (u), circumferential (v) and normal (w) displacements.
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The effect of the length:radius (L/R) ratio on the buckling load is shown in Fig. 7. It is seen that for long
shells, the difference between the LPB and NPB cases (with regard to Timoshenko�s theory) decreases, and
that Donnell�s theory is no longer satisfied.

The second example concerns shells with a 5 0. In Fig. 8 the buckling load under axial compression is
plotted vs. the L/R1 ratio for a = 5�. It can be seen that the discrepancy between the three theories is very
small and it was found to vanish at a > 10�. However, the difference between the LBP and NPB states is still
significant. Results against L/R1 ratio at different a�s are shown in Fig. 9. It is seen that for a > 30� and
L/R1 > 5, the buckling load is independent of L/R1. Furthermore, as expected, for a = 90� (annular plate)
the LPB results are identical with the NPB�s.



Fig. 6. Nonlinear eigenvalue convergence curve.

Table 1
Axial buckling load of cylindrical shell (L/R = 2.0)

LPB (kN/m) NPB (kN/m)

Donnell 10,525 9767
Sanders 10,473 9734
Timoshenko 10,386 9679

Fig. 7. Linear (LPB) and nonlinear (NPB) buckling load of cylindrical shell (a = 0�) according to shell theories.
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In view of the pronounced effect of the in-plane boundary conditions as shown by Goldfeld et al. (2003),
nonlinear vs. linear pre-buckling was checked out for simply supported boundary condition: SS1
ðNxx ¼ �Nxx;Nxh ¼ w ¼ Mxx ¼ 0Þ or SS3 ðNxx ¼ �Nxx; v ¼ w ¼ Mxx ¼ 0Þ at x = 0, and SS4
(u = v = w = Mxx = 0) at x = L = 2.54 m. Results are shown in Fig. 10. It is seen that for SS3–SS4, the
effect of the nonlinear pre-buckling is pronounced, while for SS1–SS4 is insignificant. Furthermore,
Nxh = 0 yields a lower buckling load than v = 0.



Fig. 8. Linear (LPB) and nonlinear (NPB) buckling load of conical shell (a = 5�) according to shell theories.

Fig. 9. Effect of vertex half-angle on linear (LPB) and nonlinear (NPB) buckling load of conical shells.

Fig. 10. Effect of in-plane boundary conditions on buckling load for simply supported conical shell.

M. Jabareen, I. Sheinman / International Journal of Solids and Structures 43 (2006) 2146–2159 2157



2158 M. Jabareen, I. Sheinman / International Journal of Solids and Structures 43 (2006) 2146–2159
5. Concluding remarks

A procedure for the buckling behavior under the effect of the nonlinear pre-buckling deformations is pre-
sented for conical shells. The buckling load was examined via three theories: Donnell�s, Sanders� and
Timoshenko�s.

• The nonlinear pre-buckling deformations affect the critical buckling load and more significantly the
buckling mode. For structures characterized by softening behavior, the nonlinear pre-buckling leads
to a buckling load lower than the classical one.

• The longer the shell the weaker the effect of the nonlinear pre-buckling deformations.
• The nonlinear pre-buckling effect strongly depends on the in-plane boundary conditions.
• The discrepancy between the shell theories is observed only for cylindrical shells and for conical shells
with small vertex half-angle.

• Finally, for structures characterized by a limit point, the suggested procedure is very efficient and eco-
nomical: it predicts the actual buckling load and mode with no need for covering the entire nonlinear
pattern.
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